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Abstract

We consider a vector conditional heteroscedastic autoregressive nonlinear (CHARN) model in
which both the conditional mean and the conditional variance (volatility) matrix are unknown
functions of the past. Nonparametric estimators of these functions are constructed based on local
polynomial fitting. We examine the rates of convergence of these estimators and give a result on
their asymptotic normality. These results are applied to estimation of volatility matrices in foreign
exchange markets. Estimation of the conditional covariance surface for the Deutsche Mark/US
Dollar (DEM/USD) and Deutsche Mark/British Pound (DEM/GBP) daily returns show negative
correlation when the two series have opposite lagged values and positive correlation elsewhere.
The relation of our findings to the capital asset pricing model is discussed. © 1998 Elsevier
Science B.V. All rights reserved.

1. Nonparametric vector autoregression

Multivariate time series occur in many scientific disciplines. Their analysis helps in
modeling dynamics over time as well as explaining interdependence among variables.
A common model in this context is vector autoregression where the dynamics over
time are modeled via a linear operation on the past values of the vector time series,
see Liitkepohl (1991). Typically, in these models the conditional covariance is assumed
to be either fixed or of specific form. Since the beginning of the 1980s the drawback
of fixed linear structures has been stressed by Engle (1982), Robinson (1983, 1984)
and Terasvirta (1994) in the econometric literature and by Collomb (1984), Tjestheim
(1994), McKeague and Zhang (1994), and Vieu (1994) in the statistical literature.
Nonlinear time-series models that have been proposed are, e.g., threshold autoregressive
(TAR) models of Tong (1978, 1983), the exponential autoregressive (EXPAR) models
of Haggan and Ozaki (1981), the smooth-transition autoregressive (STAR) models of
Chan and Tong (1986) and Granger and Terasvirta (1992).
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In the analysis of financial time series, e.g., exchange rates, models for conditional
heteroscedasticity are an important feature. Meese and Rose (1991) state that “it is
now recognized that empirical exchange rate models of the post-Bretton Woods era
are characterized by parameter instability and dismal forecast performance...” This
pessimism about the quality of exchange-rate models became generally accepted after
the publication of the influential papers by Meese and Rogoft (1983) and Diebold and
Nason (1990).

The nonparametric modeling of the mean function and the volatility matrix offers a
way out of this pessimism. It does not depend on specific structures of these quan-
tities and may thus lead to valuable suggestions. In the framework of ARCH mod-
els (Engle, 1982), non- and semi-parametric approaches (Gregory, 1989; Engle and
Gonzalez-Rivera, 1991) have been proposed. Engle and Ng (1993) measured the im-
pact of news on volatility and found asymmetric volatility functions. Gouriéroux and
Monfort (1992) models both the conditional mean and the conditional variance in a
flexible nonparametric way
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is called a qualitative threshold ARCH model. Here {4 j-}_',/.=1 with fixed J denotes a
partition of the set of lagged values for Y, («;), and (f;) are unknown parameter
vectors and matrices, respectively, and ¢ is the white noise. It is a generalization of
the threshold model (Tong, 1983), for the conditional mean but shares with it the
drawback of a fixed number J of threshold points.

A generalization of model (1.1) to a wider class of conditional mean and variance
functions can be seen as a limit of (1.1) for J — oo, thus allowing J to be unknown
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We call (1.2) a conditional heteroskedastic autoregressive nonlinear (CHARN) model.
It is a generalization of an ARCH structure.

The use of CHARN modeling is motivated by several examples. It has been found
that GARCH(1, 1) processes fit daily and weekly FX (foreign exchange) rates well in
most cases. The situation for intra-daily data is different though, see Guillaume et al.
(1994).

Drost and Nijman (1993) argued that the specific GARCH structure would not al-
low arbitrary combinations of conditional heteroskedasticity, and leptokurtocity, for
example. Typically, for intra-daily data the deviation of the unconditional return den-
sity from normality increases when the sampling interval is decreased. The model (1.2)
will not suffer from these effects since it neither makes structural assumptions on f
and X nor distributional assumptions on ¢. The situation for the CHARN model is






